In this work we explore the viability of nonminimally coupled f (R) theories, namely the conditions required for the absence of tachyon instabilities and ghost degrees of freedom. We contrast our finds with recent claims of a pathological behaviour of this class of models, which resorted to, in our view, an incorrect analogy with k-essence.
I. INTRODUCTION
Despite its great experimental success (see e.g. Refs. [1, 2] ), it is well known that General Relativity (GR) does not exhibit the most general form to couple matter with curvature. Indeed, these can be coupled, for instance, in a nonminimal way [3] (see also Refs. [4] [5] [6] for early proposals in cosmology), a fact that can have a bearing on the dark matter [7, 8] and dark energy [9, 10] problems, as well as inflation [11, 12] and structure formation [13] . This putative nonminimal coupling (NMC) modifies the well-known energy conditions [14] and can give rise to several implications, from Solar System [15] and stellar dynamics [16] [17] [18] [19] to close time-like curves [20] and wormholes [21] .
Following the argument that f (R) theories should be derived from a more complete theory as low-energy phenomenological models, one also finds strong fundamental motivation for the presence of a NMC, as it arises from one-loop vacuum-polarization effects in the formulation of Quantum Electrodynamics in a curved spacetime [22] , as well as in the context of multi-scalar-tensor theories, when considering matter scalar fields [23] (as explicitly shown in Ref. [24] ). Furthermore, a NMC was put forward in an earlier proposal [25] , developed in the context of Riemann-Cartan geometry, with another study showing that it clearly affects the features of the ground state [26] .
Thus, one considers that the Einstein-Hilbert action is extended by the action functional [3] ,
where f i ((R) (i = 1, 2) are arbitrary functions of the scalar curvature, R, g is the determinant of the metric and κ = c 4 /16πG. The above encompasses the wellknown f (R) theories, which are widely used to study the effect of modifications of gravity in a plethora of scenarios, e.g. the Starobinsky inflationary model f (R) = R + αR 2 [12] , the accelerated expansion of the Universe [27] , Solar System tests [28] , amongst many other studies (see Ref. [29] for a review).
Variation with respect to the metric yields the modified field equations,
with F i ≡ df i /dR and ∆ µν = ∇ µ ∇ ν −g µν . As expected, GR is recovered by setting f 1 (R) = R and f 2 (R) = 1. The trace of Eq. (2) reads
Resorting to the Bianchi identities, one concludes that the energy-momentum tensor of matter may not be (covariantly) conserved, since
can be non-vanishing (see Refs. [30, 31] for thorough discussions).
II. TACHYONIC INSTABILITIES
When considering any novel extension of GR, one should not only show that it can be applied to a variety of problems, but also that it does not suffer from pathological behaviours that can lead to unphysical results. In the present case of a model exhibiting a NMC between curvature and matter, it has been shown that cosmological perturbations are compatible with the observed cosmological constraints [13, 32] , that it yields the correct weak-field limit at Newtonian and post-Newtonian levels [15] , obeys the energy conditions [14] and is free from Dolgov-Kawasaki instabilities [14, [33] [34] [35] . The latter arise if the Ricci curvature scalar acquires a negative mass-squared, which signals a tachyonic instability with associated exponential growth of perturbations [33] ; in f (R) theories, this is avoided if the condition f ′′ (R) ≥ 0 is obeyed [35] . In NMC models, this is generalised to f
. In astrophysical [7, 8] and cosmological contexts [9, 10, 15, 36] , it was shown that a negative power-law
is required to account for the dark matter or dark energy components, respectively (with a linear f 1 (R) function). Thus, one has
so that the viability condition discussed above for the absence of Dolgov-Kawasaki instabilities does not hold for the choice of Lagrangian density L = −ρ [37] ; however, one finds that the typical length or timescale of the curvature instabilities is much smaller than the scale over which the background curvature may be considered spatially or temporally constant (see Ref. [7] for a discussion), so that the derivations leading to the above constraint do not hold. If, instead of assuming a perturbative expansion around a flat spacetime, a Friedmann-Robertson-Walker (FRW) metric is taken with background cosmological curvature R 0 (t), and local curvature perturbations R 1 (r) ≪ R 0 (t) are then considered, one finds that the equation of motion for R 1 (r) may be written as [15] ,
with
, and a mass-squared defined as
is the Lagrangian density of the cosmological background matter (which, if assumed as a pressureless dust, is given by L 0 = −ρ 0 (t) [37] ) and L 1 is the corresponding quantity for the central body that imposes spherical symmetry (so that L 1 = 0 away from it).
One finds that considering a FRW spacetime instead of a Minkowski background changes the previously discussed result, i.e. the avoidance of a negative masssquared for curvature perturbations requires a more convoluted expression. Indeed, following Ref. [15] , one finds that the choice for the functions
yields m 2 > 0 for n ≪ −10 −25 -a result which basically has no practical consequences when attempting to describe, for instance, dark energy via a NMC model [9] .
III. GHOSTS
Another issue faced by any extension of GR is the presence of ghost fields, that is, degrees of freedom with a kinetic term that has the wrong sign, so that the Hamiltonian can be unbounded from below and an explosive production of pairs particles out of the vacuum occurs, preventing stable atoms and a physical Universe. When attempting to quantize the theory, this manifests itself as states of negative norm, which leads to loss of unitarity and conservation of probability [38] .
When addressing the possibility of ghosts in extensions of GR, two competing views arise: some argue that modifications of GR should be regarded as effective theories, valid in the weak-field limit of some fundamental quantum theory of gravity (such as string theory), and thus should not be probed beyond the classical level in which they are valid; conversely, others consider that extensions of GR should be quantized in order to achieve the yet unknown quantum theory of gravity. Naturally, the first interpretation relaxes the need to properly quantize the model under scrutiny, so that the treatment on instabilities should be carried out only classically.
Several studies approach the issue of ghost instabilities by expanding the action up to second order in perturbation to a chosen background metric (usually Minkowski or Friedmann-Robertson-Walker) to inspect the resulting kinetic terms [39] , performing the Hamiltonian formulation of f (R) theories [40] [41] [42] and then searching for cross terms between the canonical variables and their momenta, P i Q i (which, since either quantity can attain positive or negative values, are unbounded).
Alternatively, one computes the propagators from the linear expansion of the modified field equations around a chosen background metric [43, 44] and then identifies the sign of the propagators of additional degrees of freedom relative to the usual propagator of GR or the presence of additional poles: this approach in a flat or constant curvature background confirms that f (R) theories introduce an additional degree of freedom with mass m 2 ∼ f ′′ (R = 0), although no treatment is available including a NMC Eq. (1) -which must abandon the former case of a Minkowski background metric, as this would imply to zeroth-order that no matter is present, L = 0.
A key result, due to its generality and broadness, is the Ostrogradski theorem. It states that any non-degenerate theory with second or higher derivatives appearing in the Lagrangian leads to linear instabilities, i.e. the aforementioned unbounded cross-terms between canonical variables and their momenta (this can be avoided by the inclusion of constraints that restrict the phase space) [45] .
The requirement of non-degeneracy is essential to this result: indeed, GR and f (R) theories both express second derivatives in the Lagrangian density (via the Ricci curvature scalar), but are degenerate theories, as one cannot invert the definition of the canonical variables and their momenta to write the higher derivative term as a func-tion of the latter.
The extension posited in Eq. (1) presents an extension of f (R) theories, while preserving the overall structure of the field Eqs. (2), i.e. the NMC provides additional terms, but does not modify those stemming from a nonlinear f (R)): thus, one concludes that the issue of inverting the relation between canonical variables/momenta and the higher derivative term is worsened, and thus the model here considered is also degenerate -implying that the Ostrogradski theorem does not apply and cannot be used to assess the existence of ghosts in the theory.
Notwithstanding, the simplest cure to Ostrogradski ghosts in non-degenerate theories is to require that the equations of motion are second order in all fields, as stated above. The most general Lagrangian density including one additional scalar field satisfying this is the so-called Horndeski Lagrangian [46] , given by
where X ≡ −(1/2)g µν χ ,µ χ ,ν and [χ n ] is the trace of the quantity
e.g.
[χ] ≡ χ and [χ 2 ] ≡ χ ;µν χ ;µν . The various contributions act as "counterterms" that suitably cancel out any pathological terms on the ensuing field equations arising from the second derivatives of χ (see Ref. [47] for a discussion).
Inspection shows that the L 4 is the one relevant to this study, as it displays a linear coupling with the Ricci curvature. It can be viewed as a modification of k-essence models [48] , which consider a scalar field χ with a Lagrangian density given by a generic function of the scalar field and its kinetic term, L = p(χ, X), but linearly coupled to the scalar curvature (so that G 4 = p(χ, X) and all other functions G i vanish):
Thus, a linear coupling requires the addition of suitable "counterterms" so that the ensuing modified field equations remain second order. However, it is again pointed out that, since Eq. (1) is a degenerate theory, failure to include these does not immediately lead to Ostrogradski linear instabilities. Conversely, Lagrangian densities including only first derivatives are not automatically free from ghosts: popular phantom-type models for inflation [49] or dark energy [50] are afflicted by this problem as they present negative kinetic energy terms.
Indeed, the requirement for second-order field equations should instead be viewed as arising from considerations of naturalness: furthermore, even higher-order theories such as f (R) can be recast as second-order theories, via the well-known equivalence between the Jordan frame formulation where the curvature appears non-linearly in the action, and the Einstein frame where one instead resorts to a scalar field nonminimally coupled to the scalar curvature [51] [52] [53] [54] .
By the same token, the structure of Eq. (2) hints that the four initial conditions required for a well-posed Cauchy problem do not have to be written in terms of the metric and its derivatives up to third order, but one can instead consider only the value and first derivative of both the metric and the Ricci curvature. This treatment is reminiscent of Ostrogradski's Hamiltonian formulation of f (R) theories, where the curvature is promoted to a canonical variable [40, 55, 56] , and recalls the equivalence between the model posited in Eq. (1) and a two scalar field model: indeed, in Ref. [57] it was shown that Eq. (1) is equivalent to the action (in the Einstein frame)
where ϕ 1 and ϕ 2 are scalar fields, σ ij is the field-metric
the potential is given by
and a Lagrangian density coupling matter with these two scalar fields also arises,
The two scalar fields are related with the scalar curvature and the non-trivial f 1 (R) and f 2 (R) functions through
Clearly, Eq. (13) gives rise to field equations which are second-order in the derivatives of ϕ i , as stated before. While ϕ 2 has no kinetic term, and can be considered as an auxiliary field, the kinetic term of ϕ 1 has the usual sign, as is thus positive-defined: no ghosts arise as long as condition F 1 (R) + F 2 (R)L/2κ > 0 is obeyed and the above definition of fields is valid -a natural result following the condition f ′ (R) > 0 for ghost-free f (R) theories [29] .
Inserting a linear f 1 (R) = R function and a power-law NMC, Eq. (5), used in astrophysical [7, 8] and cosmological contexts [9, 10, 15] to account for dark matter and dark energy, respectively, the above condition becomes
since the exponent n is negative. Thus, the scalar field ϕ 1 is well-defined and has a kinetic term with the correct sign, and the model is thus ghost-free.
IV. ANALOGY WITH k-ESSENCE
In a recent study [58] , it has been claimed that a NMC model is not viable, due to the appearance of ghost degrees of freedom. Notwithstanding the dedicated discussion in the previous section, we now directly address the issues raised in Ref. [58] , and show that they are based on improper assumptions and arguments.
1. Ref. [58] starts by integrating away the auxiliary scalar field ϕ 2 , thus rewriting (in the present notation) the action, Eq. (13), as
where P (L, ϕ 1 ) is a function obtained from the substitution of the solution ϕ 2 = ϕ 2 * of the field equation for this scalar field.
2.
The authors then argue that a viable NMC model should allow the coupling to any Lagrangian density for matter L , and choose L = −g µν χ ,µ χ ,ν ≡ 2X, i.e. a matter scalar field with no potential. One remarks that, although this freedom of choice of L should be a desirable feature, it can be argued that only certain forms for L may be nonminimally coupled to curvature, while others that give rise to pathological behaviours are deemed unphysical, and thus not allowed.
3.
The above action with the choice L = X is then compared with k-essence models [48] , given by the action
This is done with little regard for the differences between k-essence and a NMC model, as no in depth justification is offered: instead, it is simply stated that such comparison is warranted because the kinetic term of ϕ 1 is canonical and separated from the function P (φ, L = X).
Clearly, this is insufficient, as the dynamical effect of the scalar field ϕ 1 is left completely out of the ensuing discussion: this additional degree of freedom should have some impact on what otherwise bears a resemblance with k-essence models, specially since it is not an independent matter field, but is dynamically related to both the curvature and the Lagrangian density of matter through Eq. (17) -which goes against the claim that ϕ 1 can basically be disregarded.
4. Indeed, the above insufficiencies manifest themselves in the incorrect use of the conditions for positivity of the energy density ǫ(χ) of the matter scalar field χ and the speed of sound c s (χ) at which its perturbations propagate: the authors resort to the results obtained in Refs. [48, [59] [60] [61] , namely that
The above are paramount in the overall argument posed by Ref. [58] . However, closer examination of the computations behind the expression for c s (χ) (namely Ref. [59] ) shows that its treatment of cosmological perturbations relies upon the (covariant) conservation of energy density,ǫ
and the Ansatz for the perturbed metric
As it turns out, none of these hold in NMC models (although they are valid in k-essence, of course): perhaps the most striking and fundamental consequence of the latter (see Refs. [3, 31] for a discussion) is that the energy-momentum tensor of matter is no longer covariantly conserved, as seen in Eq. (4) -which, for L = X and the ensuing
yields (for ν = 0),
which in general is non-vanishing (e.g. if p ∼ X n , then p = ǫ/(2n − 1)).
The identification of c s as the speed of sound of perturbations of χ builds upon the incorrect use of Eq. (22) by assuming that these affect the metric as expressed in Eq. (23) . This assumption is also wrong in NMC models: as Ref. [13] has shown, the metric should instead include two potentials,
with δ signalling a perturbation of the quantity in parenthesis. This highlights the fact that, as stated before, one cannot freely disregard the contribution of the scalar field ϕ 1 and summarily proceed with a comparison with kessence: as it turns, out that the treatment of cosmological perturbations in the latter is fundamentally incompatible with the results arising from the direct computations found in Ref. [13] . As such, the objections posited in Ref. [58] are ill-defined.
V. DISCUSSION AND OUTLOOK
In this work we have discussed the viability of nonminimally coupled models, focusing on the issue of tachyonic instabilities and ghost degrees of freedom; we have also addressed the claim, stemming from an incorrect analogy with k-essence models, that models with a NMC between matter and curvature exhibit a pathological behaviour.
As stated in Ref. [14] , in a flat background no negative mass-squared arises if the condition f ′′ 1 + f ′′ 2 L > 0 is obeyed; this is replaced by the more evolved expression Eq. (8) in a FRW background, as found in Ref. [15] .
The absence of ghost degrees is obtained via a discussion of the equivalence with of the model under scrutiny with a multi-scalar-tensor theory; the non-applicability of Ostrogradski's theorem is discussed in terms of the degeneracy of a NMC model, which is in itself an extension of degenerate f (R) theories. Notwithstanding, we also discuss the issue of how the modified field equations, which are of fourth order, can be rewritten as secondorder differential equations for both the metric and the scalar curvature -in line with the aforementioned equivalence and the related introduction of two appropriate scalar fields to express the dynamical effect of non-trivial f i (R) functions.
Finally, the claims of lack of viability put forward in Ref. [58] are discussed, focusing on the improper comparison between NMC models and k-essence: we argue that the contribution of the scalar field ϕ 1 cannot be disregarded, as shown by its crucial role in distinguishing the treatment of cosmological perturbations between these two types of proposals -as is the conservation of energy-momentum, that holds in k-essence, but is broken in NMC models.
